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1 Introduction 



Effective gravity actions emerging from string and Kaluza-Klein theories con- 
tain a rich structure where, beside the usual Einstein-Hilbert term, there is a 
scalar field, generically called a dilaton, coupled to an electromagnetic field. 
The asymptotically flat static black hole solutions for this Einstein-Maxwell- 
dilaton (EMD) system pfl [2] differ from the usual Reissner-Nordstrom solu- 
tion of Einstein-Maxwell theory in that the inner horizon is singular for a 
non-vanishing dilaton coupling. Non-asymptotic flat static black hole solu- 
tions have also been obtained in [3] and further studied in [U El [6]. Brane 
configurations, leading also to black hole solutions, have been largely studied 
in reference E] using essentially the EMD theory. 

The aim of the present work is to study the structures of the black holes of 
the EMD theory when a phantom coupling is considered. This is done by al- 
lowing the scalar field or the Maxwell field (or both) to have the "wrong" sign 
[H]. The importance of such extension of the normal (non-phantom) EMD 
theory is twofold. First, from the theoretical point of view, string theories 
admit ghost condensation, leading to phantom- type fields [TO] . In principle, 
a phantom may lead to instability, mainly at the quantum level. But there 
are claims that these instabilities can be avoided [UJ. The second motivation 
comes from the results of the observational programs of the evolution of the 
Universe, specially the magnitude- versus-redshift relation for the supernovae 
type la, and the anisotropy spectrum of the cosmic microwave background 
radiation: both observational programs suggest that the universe today must 
be dominated by an exotic fluid with negative pressure. Moreover, there is 
some evidence that this fluid can be phantom [T21 [J3] . 

When the scalar field and/or the Maxwell field are allowed to contribute 
negatively to the total energy, the energy conditions (and specially the null 
energy condition p + p > 0) can be violated, and the appearance of some 
new structures can be expected. This is the case of wormhole solutions to 
Einstein-scalar [14J or Einstein-Maxwell-scalar [15] theory with a phantom 
scalar field. Another instance is that of black hole solutions to Einstein theory 
minimally coupled to a free scalar field, which are forbidden by the no-hair 
theorem, but become possible if the kinetic term of the scalar field has the 
wrong sign (if the scalar field is phantom), as found both in 2+1 [16] and in 
3+1 dimensions [T7] . These phantom black holes have all the characteristics 
of the so-called cold black holes [TBI HH] : a degenerate horizon (implying a zero 
Hawking temperature) and an infinite horizon surface. Indeed, these cold 
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black holes appeared in the context of scalar-tensor theory (e.g., in Brans- 
Dicke theory) in such circumstances that, after re-expressing the action in 
the Einstein frame, the scalar field comes out to be phantom. 

The non-trivial dilatonic coupling of the scalar field with the electromag- 
netic term adds new classes of black hole solutions. In references jH [20] some 
investigations on phantom black holes in the context of EMD theory have 
been made, revealing some interesting new species of black holes. For exam- 
ple, in the case of a self-interacting scalar field in four dimensions, a phantom 
field may lead to a completely regular spacetime where the horizon hides an 
expanding, singularity- free universe [21]. Our goal here is to obtain the most 
general static black hole solutions when a phantom coupling is allowed for 
both the scalar and electromagnetic fields of the EMD theory. 

We will classify the different possible black hole solutions coming out 
from the EMD theory for a phantom coupling of either the dilaton field, 
of the Maxwell field, or of both. It is remarkable that many of these new 
black holes have a degenerate horizon, hence a zero Hawking temperature. 
We will also analyse the causal structure of these black hole spacetimes. 
In some cases, the causal structure is highly unusual, such that no two- 
dimensional Penrose diagram can be constructed. Another possibility is that 
of a spacetime with an infinite series of regular horizons separating successive 
non-isometric regions. Geodesically complete black hole spacetimes are also 
obtained. 

This paper is organized as follows. In the next section we derive, follow- 
ing the procedure of [22], the general static spherically symmetric solutions 
(phantom and non-phantom) of the EMD theory. In section 3 the new black 
hole solutions are described in detail. The Penrose diagrams of these new 
solutions are constructed in section 4. In section 5 we present our conclusions. 



2 General solution 

Let us consider the following action: 

S = J dx 4 ^ [U - 2 77i<rV^V^ + V2 e^F^F^] , (2.1) 

which is the sum of the usual Einstein-Hilbert gravitational term, a dilaton 
field kinetic term, and a term coupling the Maxwell Lagrangian density to 
the dilaton, with the coupling constant A real. The dilaton-gravity coupling 
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constant rji can take either the value rji = 1 (dilaton) or rji = — 1 (anti- 
dilaton). The Maxwell-gravity coupling constant rj 2 can take either the value 
772 = 1 {Maxwell) or 772 = —1 (anti-Maxwell). This action leads to the 
following field equations: 

V M [e^F^] = , (2.2) 
□V = -^ 2 Ae 2A ^F 2 , (2.3) 

R P u = + 2t] 2 e 2X<p {^g^F 2 - F^F^j . (2.4) 

Let us write the static, spherically symmetric metric as 

dS 2 = e 2 ^dt 2 - e 2a ^du 2 - eWcM 2 . (2.5) 

The metric function a can be changed at will by redefining the radial co- 
ordinate. In the following we will assume the harmonic coordinate condition 

a = 2/5 + 7. (2.6) 

We will also assume the Maxwell field to be purely electric (the purely 
magnetic case may be obtained from this by the electric- magnetic duality 
transformation ip — > —if, F — > e~ 2Xlp * F). Integrating (12.21) . we obtain 

F 10 (u) = = _ 2g 2 e -4/ 3 -4A v) ? (2J) 

with g a real integration constant. Replacing f!2.7p into equations, we obtain 
the second order equations 

<p" = -VimM 2 e 2 " , (2.8) 

7" = We*", (2.9) 

/3" = e 2J_ 7/2 g2 e 2 Wj (2.10) 

with 

w = 7-A(^, J = 7 + /3, (2.11) 
and the constraint equation 

/3' 2 + 2/3V - W 2 = e 2J - rfe 2 - . (2.12) 
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By taking linear combinations of the equations fl2.8p - fl2.10p . this system 
can be partially integrated to 



J 2 - Qe 2 " 
J' 2 - e 2J 



-771A7O) + (fiU + if 



where 



\± = (l±r ll \ 2 ), Q = r l2 \ + q 2 



(2.13) 
(2.14) 
(2.15) 

(2.16) 



and the integration constants (fo, <pi G R, a, b G C. 
The general solution of (12.141) is: 



-In 



\Q\a 1 cosh[a(w — u )] 



uj(u) = < 



a(u — Mq) (a G 



Q = 0) 



[a G 



-In 
-In 
-In 



y/Qa 1 smh[a(u — u Q )}\ (a G 1 
VQ(u-u )\ (a = 0, QgM+), 
\ZQd~ 1 sin[a(w — u )] I (a = id, a, Q G 



, Q G M~) 
QeR + ) , 



[2.17) 



(uq real constant). The general solution of (12.151) is: 

J(u) = 



-ln|6 _1 sinh[6(«-tti)]| (b G R+) , 
— In \u — U\\ (6 = 0), 
-lnlfe^sin^'U-ui)]! (b = ib; b G H.+) 



(2.18) 



(iti real constant). 

In this way, we have for A + 7^ the general solution of the theory given 
by the action (12. lfl : 



f dS 2 = e 2 W - e 2a du 2 - e 2 W , 
a(w) = 2J(u) — 7(7/) , 
/3(u) = J(u) - 7(u) , 
7(11) = A + x (u;(m) + \ipiu + Ay? ) , 

</?(li) = A+ 1 (-7/iAcj(m) + (^W + <p ) 

F = -q e 2u) ^du A dt , 



(2.19) 



where the integration constants should be related by the constraint (I2.12p . 
We will analyze the case A + = (771 = — 1,A 2 = 1), for which the function 
u)(u) is linear, in subsection 3.2. 
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In the limit u — > «x, the function J(w) goes to +00, corresponding from 
( I2.18P to spacelike infinity. So there are a priori two disjoint solution sectors 
u — u\ > and u — u\ < 0. However the ansatz (I2.5P is form- invariant under 
the symmetry u — m —>■ —(u — Ui), which allows us to select e.g. the solution 
sector 

u<u x . (2.20) 

Invariance of the metric ansatz under translations of the radial coordinate 
u also enables us to fix e.g. the integration constant 

ii! = 0. (2.21) 

The solution (I2.19p then depends on the 6 parameters (q, a, b, u , (p , (pi) 
which are related by the constraint equation following from (12.121) . 

\ + b 2 = a 2 + rjtipl . (2.22) 

Moreover, two of the parameters may be fixed by imposing that at infinity 
the space-time is Minkowskian and the dilaton field vanishes. Hence, we end 
up with three independent parameters. Later, imposing the analyticity of the 
solution across the horizon, the number of free parameters will be reduced 
to only two. 

All solutions written above with rji and 772 positive (the non-phantom 
case) have already been determined previously (see for example [22] and 
references therein). To our knowledge, only the phantom solutions with non- 
degenerate horizon have already been determined. 



3 New black hole solutions 

From (I2.17P and f)2.18p . with u < according to (I2.20p . we have 15 different 
solutions which combine to form the solution (12.191) . The first and second 
solutions (12.171) are necessarily phantom (771 = —1 and/or 772 = —1). The 
other ones can be normal (rji = 772 = 1), or phantom, (rji = 772 = — 1, A 2 > 1 
or 77x = — T] 2 = — 1, A 2 < 1). As for the function J(u), only the first solution 
(I2.18P occurs in the normal case. This is because if b = ib (b real)@ the 
constraint (12.221) can be written 

a 2 + F = -77 1 (^ + A 2 6 2 ), (3.1) 

4 This includes the case b = 0. 
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implying 771 = —1 (anti-dilaton case). In this section we will discuss the new 
black hole solutions, classified according to the type of the solution 02.171) for 
u(u). 



3.1 The cosh solution 

The metric function e 2 " 7 for the choice of the first solution (12.171) can vanish 
only for u — > —00, corresponding to the event horizon. The third solution 
(I2.18P for J obviously leads to a metric which is defined only in finite intervals 
(in between zeroes of the sine), so it cannot have a horizon. As for the second 
solution (12.181) . it can be written 



dS 2 = e^dt 2 - e- 2 ~< (dr 2 + r 2 dn 2 ) (r = -1/u) , 



(3.2) 



showing that the horizon u — > — 00 (r = 0) is actually singular. So we restrict 
ourselves to the first solution (I2.18p . 

To study the near-horizon behavior of the metric, it is useful to trans- 
form to a radial coordinate proportional to the near-horizon geodesic affine 
parameter. From the Lagrangian for geodesic motion 



C = -g^x u , (3.3) 
we obtain the first integral for geodesic motion in the equatorial plane 



e 4J ii 2 



E 2 -e 2 ~<[e + L 2 e 



•2/31 



(3.4) 



where E is the momentum conjugate to time (energy), L is the momentum 
conjugate to the azimutal angle (angular momentum), and e = 1 for timelike 
geodesies, e = for null geodesies and e = — 1 for spacelike geodesies. On 
the event horizon this equation becomes 



ds ~ e 2J du ~ b 2 e 2bu du . 



This suggests performing the coordinate transformation 

d 26(m-mo) 



X 



leading to the line element 



dS 2 



cx 



(1 + x m fl x - 



-dt 2 - 



46 2 xix 1_n (l + x m ) 2/x + 
c(x — Xi) 2 



x\dx 2 
x(x — Xi)'' 



+ dtt 2 



(3.5) 



(3.6) 



(3.7) 
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where according to (12.201) x < xi, with X\ = e 26lt °, c > is a constant which 
can be fixed so that the metric is asymptotically Minkowskian, and 



a 

m = — , n — 
b 



m(l + Xipi) 



(3.8) 



((pi = (fi/a). This spacetime is asymptotically flat, with the spatial infinity 
at x — Xi (u — 0) and the event horizon at x — 0. It is clear that the metric is 
analytic near the event horizon only if m and n are positive integers [HI [16] . 
The definition of n and the constraint equation (12.221) may be rewritten 

as 



The first equation relates the integration constant (p\ to the black hole 
quantum numbers n and m. Eliminating this constant between the two 
relations ( 13. 9p . we obtain the relation 



The implications of this relation depend on the value of the horizon de- 
generacy degree n. If n — 1 (non degenerate horizon), then necessarily also 
m — 1; this can occur for any real A (with r/i and r] 2 such that r] 2 X + < 0). 
But if n > 2 (degenerate horizon), which is only possible in the anti-dilaton 
case 771 = —1, then relation ( 13.101) gives the dilaton coupling constant A in 
terms of the black hole "quantum numbers" m and n: 



This is such that A 2 < 1 (rj 2 = -1) if 1 < m < 2n - 1, and A 2 > 1 (r/ 2 = +1) 
if m > 2n. 

Conversely, for a given value of the model parameters in ( 12. lft . there are 
three possibilities. Either rji — +1 or r\\ — — 1 but A does not belong to 
the discrete set of values (13. lip , and the only black hole solution is non- 
degenerate {m = n = 1); or iji = —1 and A ^ belongs to this discrete 
set (with the appropriate sign for 772), and we have two distinct black hole 
solutions, one degenerate, the other non-degenerate. Finally there is the 
third possibility A = with 771 = 772 = — 1, leading to a tower of degenerate 




(3.9) 




(3.10) 




(3.11) 
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black hole solutions with m = n above the ground non-degenerate black hole 
m = n = 1. Let us note that this last case corresponds to the (non-dilatonic) 
Einstein- anti-Maxwell theory with an additional massless scalar field coupled 
repulsively to gravity. Recall that in the normal case (771 = +1), the second 
equation (13. 9p with A + = 1 has the only solution m = 1 with (pi = 0, leading 
to the Reissner-Nordstrom black hole with constant scalar field. This is the 
well-known no-hair theorem, which is no longer true in the present phantom 
(anti-scalar) case. 

To put the cosh solution in a more familiar form, we use the coordinate 
transformation [22J, 

u = 1 In (fy) , /± = 1- ^ , (3.12) 



(r + — r_) \f-J r 
with 

r± = ± — n — (r+ - r_ = 2a) . (3.13) 

The coordinate x defined by (13.61) is related to r by 

x m = - r —^. (3.14) 

r+f- 

In the case of a non-degenerate horizon (n = m = 1), the solution takes 
the following form: 

dS 2 = Uf^dt'-f-'fl^dr'-r'/S^dQ 2 , 

a 1- — 

F = -^dr Adt , e~ 2Xip = f_ A+ , (3.15) 

where we have chosen the integration constants so that at spatial infinity the 
metric is Minkowskian and the dilaton vanishes, i.e. <fo = 00 (0) = in (I2.19p . 
The corresponding black hole mass M and charge q are 



J " = K r+ + r-)" (3 - i6) 

The solution (13.151) has the same form as the normal black hole solution 
of [H |2], the only difference being that here we have r + > but r_ < 0. It 
was previously obtained by analytic continuation of the normal solution by 



9 



Gibbons and Rasheed [H] in the cases (r] 2 = —l,T]i — +1) an d f]i = ~ 1 with 
7]2 = +1 (for a 2 > 1) or i] 2 = — 1 (for a 2 < 1), and was later generalized 
to higher- dimensional black holes (in the anti-dilaton case r)i — — 1 with 
r]2 = +1) by Gao and Zhang [20] , and to higher-dimensional black branes by 
Grojean et al [7]. 

For the case of a degenerate horizon (rji = —1), performing the transfor- 
mation (13.121) . we obtain the form (valid only outside the horizon, r > r + ) 



dS 2 



9l9 u S n dt 2 - 



? 9 1 + - n 9 1+n - / 



77T 



(g+ - 9- 



X 



X 



(r + - r_) 2 (g + g_) 
m 2 r 4 (g + — gJ)' d 



l-2m 



dr A dt , 



-2\ip 



-dr 2 + dn 2 



m—nm+n—v 



(3.17) 
(3.18) 



where g± = f± m , and 



v 



2m 
AT 



2m(l 



n 



(m — n) 2 + 1 — n 2 



(3.19) 



with the mass and charge 



M 



2m 



[nr + + [y — n)rJ\ , q = ± 



r_i_r_ 



^2 A. 



(3.20) 



3.2 The linear solution 

In the special case A = ±1 and r/i = —1, the constant A + vanishes, and 
uj(u) is given by the second solution f)2.17p . which depends linearly on the u 
coordinate. In this case, the functions 7(w) and (p(u) in (I2.19p are replaced 
by 

7 ( u ) = 7lM + 7o + |e 2 ^-«o) , (3.21) 
<p(u) = ±[( 7l -a) M + ( 7o + a Mo ) + |e 2 ^-^], (3.22) 

where 7o and 7 i are integration constants, and qi = rj 2 q 2 /2a 2 . Choosing again 
the sinh solution in f)2.18p . and performing the coordinate transformation 
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( 13.61) . we obtain the metric, 



dS 2 = cx n exp[ qi x m }dt 2 

4b 2 xix l ~ n , . 
~ - f r» exp [- qi x 

C[X — X\Y 

where again x\ = e~ 2bu °, c > 0, and 



Xldx " + dQ 2 



x(x — X\) 2 



(3.23) 



m=~, n=4 i - 3.24 
b b 

As in the case of the cosh solution, the spacetime is asymptotically flat, 
with the spatial infinity at x = x\ and the event horizon at x — 0. Again, for 
the metric to be analytic near the event horizon, the constants m and n must 
be positive integers. These are not independent, because of the constraint 
( I2.22p which now reads 

b 2 - a(27i - a) = m(2n - m) = 1 . (3.25) 

This is just the relation (13.111) for A 2 = 1, and it is clear that its only 
solution in terms of integers is m = n = 1. Performing the transformations 
x = Xif + , with / + = 1 — r + /r, r + = 26, we recover the linear solution 
previously discussed by Gibbons and Rasheed [9] and by Gao and Zhang 
[20]: 

dS 2 = f + exp [ qi (f + - l)}dt 2 - exp [- gi (/ + -l)^+rW^ (3.26) 
F = -^drAdt, e~ 2Xip = exp[- qi (f + - 1)} , (3.27) 

with 



M= 1 -±^r + , q = ±rJ^. (3.28) 



3.3 The phantom sinh solutions 

The third solution (12.171) leads to a larger spectrum of phantom black holes, 
with 7/1 < (r]i > with Q > implies r]2 > 0, leading to normal black 
holes). The event horizon can correspond either to u — > — oo, with only 
the first solution (12. 18f) for J(u), or (if A + < 0) to u = uo, with the three 
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possibilities (I2.18p . There is also in the first case the possibility of a non- 
asymptotical flat black hole spacetime when the singularity u = Uq of the 
metric coincides with spacelike infinity u — [Sj. 

We first consider the case where J(u) is given by the first expression of 
(I2.18p . Performing as in the cosh case the coordinate transformation (13. 6p . 
we obtain the following line element: 



dS 2 



cx 



I ^ ^.m\2/X- 



-dt 



c(x — Xi) 2 



X\dx 2 



xix — X\, 



+ dQ 2 



, (3.29) 



where again x < x\ with x\ = e~ 2bu °, and c > 0. The real numbers m and 
n, given by (13. 8p . are again related by (13.101) . There are three possibilities 
according to the relative values of X\ and 1. 

a) If X\ < 1 (u > 0), the event horizon is located at x = 0. As in 
the cosh case, this is regular if both m and n are integer. The discussion 
on the possibility of degenerate horizons is identical to that following Eq. 
(I3.10p . provided that r] 2 is replaced by — r/ 2 (772 A + is positive in the sinh 
case). Performing the coordinate transformation (I3.12p . with 



2a 



g=f 2auo 



2a) 



(3.30) 



we recover in the case m = n = 1 the metric (13.151) . with now < r_ < r + . 
These solutions were previously obtained in For the cases with degenerate 
horizon (j]x — — 1, n > 2), we obtain the functional form (I3.17p . 

b) In the intermediate case x\ = 1 (uq = 0), the event horizon is located, 
as in the first case, at x — 0, with m and n integer. However the result- 
ing solution is no longer asymptotically flat [8]. Performing the coordinate 
transformation x = f + with r + = 2bc~ 1 ^ 2 and rescaling the time coordinate, 
(I3.29P becomes: 



dS 2 



n 



-df 



(i - m 2/x " 



( 1 _ / m)2A + - fn 

This has the asymptotic behavior 



\dr 2 + r(r — r + )dVt z 



(3.31) 



dS 2 



2/A^ 



dt 2 - 



-2/X+ 



dr z + r 2 dVl 2 



(r — >• 00 



(3.32) 



with < A + < 1 for rj 2 > 0, and A + < for i] 2 < 0. 
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c) If x\ > 1 (uq < 0), then the spacetime is asymptotically flat, but the 
event horizon is located at x — 1, provided A + < 0, implying both rji < 
and rj2 < 0, together with A 2 > 1. This is regular if A + = — 2/p, i.e. 

A 2 = V — , (3.33) 
V 

with p positive integer (but m and n no longer necessarily integer). 

This possibility also occurs when the second or third solution (12 . 1 8[) are 
combined with the third solution (I2.17P with uq < 0. In these cases the 
coordinate transformation (13.61) leads to an unwieldy form of the metric. A 
more manageable expression for the metric in these three cases with m < 
is 

dS 2 = chFdt 2 - c^h- p e 23 {e 2J du 2 + dVi 2 ) , (3.34) 

with 

h(u) = e~ XlplU sinh a(u - u ) , (3.35) 

b 2 1 b 2 , s 

or — , or . 2 - . (3.36) 



D 2J(u) 



sinh 2 bu ' u 2 1 sin" 1 bu 
3.4 The a = solutions 

If Uo > 0, the event horizon is again at u — > — oo provided J(u) is given by 
the first or second solution (12.181) . In the first case (b 2 > 0), the coordinate 
transformation (13.61) puts the metric in a form similar to (13.291) . with n = 
(\/\ + )((fi/b) and m — > 0, so that x m is replaced by a logarithm, which is 
clearly non-analytic. So this possibility does not lead to a regular black hole. 
In the case a = b = (implying (pi = 0), the coordinate transformation 
u = —1/r leads to the metric 



dS 2 = ( -^—] 2 ' X+ dt 2 - ( VX \dr 2 + r 2 dn 2 ) , (3.37) 
\l + u rj \l+u rj 

which is analytic if A + = 2/(p + 1) (p positive integer), implying r] 2 > 0, so 
that the phantom case corresponds to 771 < 0, and 

A 2 = P — . (3.38) 
p+ 1 

Note that this is a special case of relation (13. lip for m — 1, n — p. 
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If on the other hand Uq < 0, the event horizon is at u = Uq and is regular 
if A + = — 2/p with p a positive integer. Again, this implies 771 < 0, 772 < 0, 
and A 2 > 1. The constraint (12.221) reduces in this case to b 2 = ptpf/2 > 0. 
The resulting metric is of the form (13.341) with 

h(u) = e- Xv>lU {u - M ) • (3.39) 

For 6 = {ip 1 = 0), the coordinate transformation u = —1/r leads to the 
particularly simple form of the metric 

dS 2 = fldt 2 - f~ p (dr 2 + r 2 dQ 2 ) , (3.40) 

with r + = —1/uq. 



3.5 The sin solution 

In this case the metric is only defined in finite intervals and so cannot have a 
horizon at u — > —00. Again, the event horizon can only be at u = Uq < 0, and 
is regular if A + = —2/p (p positive integer). The constraint (I2.22p becomes 
in this case 

2b 2 

— = d 2 + <p\ , (3.41) 
p 

so that necessarily b 2 > 0, corresponding to the first solution (I2.18P for J(u). 
The resulting metric can be put in the form (13.341) . with 

h(u) = e- Vin |sina(M-M )| , (3.42) 

e 2JH = (3.43) 
sinn bu 



4 Geodesies and the Penrose diagrams 
4.1 The cosh solution 

The global structure of the new black hole spacetimes may be determined by 
analyzing the geodesic equation ( 13.41) . written in terms of the x coordinate 

of (EID, 

4b 2 x\x 2 ^ 2 cx 11 
(x-xiY ~ (1 + x m ) 2 l x + 



e + 



L 2 cx n ~ 



x 



Xi 



46 2 Xi(l + X m ) 2 / A H 



(4.1) 
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together with the conformal form of the metric (13.7)) . 

dS 2 = H{x) [dt 2 - dy 2 - F{x)dQ 2 } , (4.2) 

with 

2bx! x- n (l + x m ) 2 / x + . /ao . 
dy = ± ^ dx, (4.3) 

C [X — X\Y 

H(x) = ° X , (4.4) 

Afr2 T r l-2n(-\ _|_ T m\4/A + 

^(z) = 2 , J • ( 4 - 5 ) 

<r [X — X\Y 

The various limits which should be analysed are x — > £i (the spatial in- 
finity), x — > (the event horizon), as well as possible coordinate singularities 
at x — > — 1 and a; — > — oo. In the limit a; — > x±, we obtain y — > ±oo , 
with F(a;) = and if =cst, showing that the metric (14. 2p is asymptotically 
Minkowskian. In the limit x — > 0, on the other hand, we obtain y — > ±cxo 
and H —> 0. This characterizes a horizon, in the present case the event hori- 
zon of the black hole which, as previously discussed, is regular for all integer 
values of n and m. 

The analysis of the other possible coordinate singularities, at x — ► — 1 or 
x — > —oo depends on the parity of m. Let us summarize the different cases. 

1. m even. In this case, the metric (j4.2p is regular at x — — 1, which cor- 
responds to a finite value of y. The nature of the coordinate singularity 
at x — > — oo depends on the value of A + . 

(a) If A + < 0, (A 2 > 1, which implies from (13.101) n < (m 2 + I) /2m, 
i.e. n < m/2) then H —>■ oo and y — ► 0. Hence, this is a center, a 
singularity where the geodesies stop. If n is odd the Penrose dia- 
gram is similar to the Schwarzschild diagram (Fig. 1), since there 
is an inversion of the light cone due to the change of signature 

(H ) — > ( — | ). If n is even, the two-dimensional light 

cone remains unchanged, so that the Penrose diagram is similar 
to the extreme Reissner-Nordstrom diagram (Fig. 2). However 
the full four-dimensional signature does change when the hori- 
zon is crossed, (H ) — > (H h+), so that geodesic motion 

in this spacetime should differ significantly from that in extreme 
Reissner-Nordstrom spacetime (see the discussion in [18J). 
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(b) If A + > (n > m/2), we note that Eq. (13. 10j) implies 

A+ = 2m/ (n + 1) - (m - l) 2 /(n 2 - 1) < 2m/(n + 1), 

so that y — > oo with H —>■ 0, corresponding to a horizon. To 
analyse whether geodesies can be continued through this horizon, 
we rewrite the geodesic equation (14. ip in terms of the transformed 
coordinate z = —l/x, 

Ab 2 z 2 z 2 2 c {-l) n z' n+2m/x + 

E ; — -77 X 



L 2 c{-l) n z- n - 1+2m ' x +{z- z x f 



X 



e + 



(4.6) 



{z\ = —1/xi). This is not analytic at z = 0, where geodesies 
terminate (singular horizon), unless 

2m/A+=n+p, (4.7) 

with p a positive integer. In view of the definition of A + and of 
(13.101) . this implies the equation 

(n + p)(m — n) 2 = {n + p — 2m){n 2 — 1) , (4.8) 

which can be solved in terms of integers only if either 

a) m = n = 1 (p arbitrary) , 

(3) m = p = 1 (n arbitrary) . (4-9) 

7) m = n = p (A = 0) , 

(the first two possibilities are excluded for m even). So generically 
this case corresponds to a null singularity, leading to the diagram 

of Fig. 3 if n is odd, or Fig. 4 (with the signature (H h+) in 

region II) if n is even. 

In the case A + = 1 with m = n = p even integer (Einstein-anti- 
Maxwell- anti-scalar case A = 0, 771 = r] 2 = —1), x — > —00 is a 
regular horizon. The metric (13.71) is in this case 



cx n 2 46 2 xix 1 - n (l +x n ) 2 



dS 2 = -dt 2 - 



1 + x n ) 2 c(x — Xi) 2 



X\dx 



2 



+ dQ 



x(x — Xi) 2 

(4.10) 
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This is form-invariant under the combined inversion x — > z = 1/x, 
X\ — ► Z\ = l/^i , which transforms into each other the two horizons 
x = 0, z = and the two spacelike infinities x — x%, z — Z\. This 
structure is illustrated in the diagram of Fig. 5, which differs from 
the Penrose diagram for Kerr spacetime in that the two horizons 

are evenly degenerate, and the signature in region II is (H h+). 

This spacetime is geodesically complete. 

2. m odd. In this case, there is a coordinate singularity at x — —1. Near 
this region, putting x = — 1 + z with z — > 0, we find H ~ z~ 2 ^ x+ and 
y ~ z 2 / x++1 , with the geodesic equation 



Ab 2 x\z 2 



E 2 - dz- 2 '^ 



e — 



LV(i + n; 
46 2 xi 



-2/A H 



(4.11) 



d = (— l) n cm 2 / A+ ). Now we find the following structures: 



(a) For A + < —2, H — » and y — >• 0, so that x = —1 corresponds 
to a singularity, and the Penrose diagram is that of Schwarzschild 
(Fig. 1) for n odd and that of extreme Reissner-Nordstrom (Fig. 
2) for n even. 

(b) For — 2 < A + < 0, H — > and y — > oo, so that x = — 1 corresponds 
to a horizon. However, unless — 2/A + = p, with p a positive inte- 
ger, this horizon is singular (null singularity). The corresponding 
Penrose diagram is represented by Fig. 3 if n is odd, and by Fig. 
4 if n is even. 

(c) The case A + = — 2/p with p integer (rji = —1, r] 2 = +1, A 2 = 
(p + 2)/p) leads, from (I3.10p . to the equation 



p(m — n) 2 = (p + 2){n 2 — 1) 



(4.12) 



which can be solved in terms of integers in two subcases. A first 
solution is 

m = n = l, (4.13) 

and p an arbitrary integer; in this subcase the metric (13.151) takes 
the simple analytic form 



dS 2 = f + fZ {p+1) di 2 - fV'f^dr 2 - r'fj'dn 



i tp+i. 



„2 fP+2, 



(4.14) 
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with the inner horizon at r = > r_. The other solution is 



m — 2n + l, p — n—1. (4-15) 

In both subcases the geodesies can be continued until x — >• — oo 
(r = r_). In this limit, we obtain if ~ i"" 1 "" 11 ' — > oo and y ~ 
x -n-mp-i _^ corresponding to a singularity. In the first subcase 
(14.131) . the maximally extended spacetime is represented by a di- 
agram (Fig. 6) similar to that of Reissner-Nordstrom (but with 

signature (H h+)in region III) if p is odd, or by the diagram of 

Fig. 7 (further discussed below) if p is even. In the second subcase 
( 14.151) . the spacetime is represented by the diagram of Fig. 7 if n 

is odd (p even), or the diagram of Fig. 8 (with signature (H h+) 

in region II) if n is even (p odd). 

(d) For A + > 0, H — > oo and y — > so that x = —1 corresponds to 
a singularity. As in case (2a), we find the Schwarzschild diagram 
(Fig. 1) for n odd and the extreme Reissner-Nordstrom diagram 
(Fig. 2) for n even. 

Note that the global structure of the black hole spacetimes with a non- 
degenerate, or oddly degenerate, outer horizon r = r + (order n), followed 
by an evenly degenerate inner horizon r = (order p) hiding a spacelike 
singularity r = r_ , cannot be represented by a two-dimensional Penrose dia- 
gram. The diagram of Fig. 7 represents faithfully the global topology of these 
spacetimes, at the price of representing the infinite sequence of bifurcate null 
asymptotically Minkowskian boundaries as dotted vertical (timelike) lines, 
each corresponding to the past and future null infinities of two contiguous 
regions I. 

4.2 The linear solution 

For the metric (I3.23P with m = n = 1, the geodesic equation (13.41) becomes 

L 2 c 



Ab 2 x\x 2 ^2 
E- cxe qi 



(x — X\Y 



e+——(x-x l ) 2 e QlX 



Ab 2 xi 

and the conformal form of this metric is (14.21) . with 



(4.16) 



d y=±^ie dx . (4.17) 

C X[X — X\) A 
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As before, the limit x — > X\ corresponds to the asymptotically Minkowskian 
region, and x — > to the regular event horizon. The analysis of the limit 
x — > — oo depends on the sign of q%. 

1. For gi < (r] 2 = —1), y — > 0, so that x = — oo corresponds to a 
singularity, and the Penrose diagram is that of Schwarzschild (Fig. 1). 

2. For qi > (i]2 = +1), y — > ±oo, corresponding to a horizon. Near 
this horizon the geodesic equation (14.161) reads, in terms of the variable 
z = — l/(x — xi) (z — > 0) 

Ab 2 x\z 2 ~ £ 2 + dz- x e-^l* 

[d = ce qiXl > 0). The effective potential goes to for z — > +0, but goes 
to +oo for 2! — ► —0 and L 2 > with e > or L 2 > 0, so that radial 
timelike geodesies and all non-radial geodesies terminate due to an 
infinite potential barrier. So the apparent horizon x —+ — oo is actually 
a null singularity. The corresponding Penrose diagram is represented 
by Fig. 4 (with in this case the signature (- H ) in region II). 

4.3 The phantom sinh solutions 

As we have seen in Subsect. 3.3, there are three cases, according to the value 
of it . 

1. For uo > 0, J(u) is necessarily given by the first solution (12.181) . and 
the metric can be written in the form (I3.29p . which is asymptotically 
Minkowskian in the limit x —> x± < 1. For m and n integer, the metric 
can be extended across the event horizon (of order n) at x = 0. The 
next possible coordinate singularity is at x = — 1, where the analysis 
can be carried over from the cosh case, provided the parity of m is 
changed: 

(a) m odd. In this case, x = — 1 is regular, and the geodesies extend 
until x = — oo. The nature of this coordinate singularity depends 
on the value of A+. 

i. For A + < 0, as in the cosh case, x = — oo is a singularity. The 
Penrose diagram is given by Fig. 1 for n odd, and Fig. 2 for 
n even. 



r v 

e + ^J-z~ 2 e-^ z 



Ab 2 x 1 ' 



(4.18) 
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ii. For a generic value of A + > 0, x = — oo is a null singularity. 
The Penrose diagram is given by Fig. 3 for n odd, and Fig. 4 
for n even. 

iii. For m = n = 1, A + = 2/{p + 1) (the first solution of f)4.7p - 
(I4.8p ). with p positive integer, the metric (13.151) reads 

dS 2 = f + f_dt 2 - f+ l fl p dr 2 - r 2 fZ p+1 dfl 2 . (4.19) 

This metric has two regular horizons r + (x = 0)and r_ (x = 
— oo) hiding the singularity r = 0. For p odd, the Penrose 
diagram is of the "normal" Reissner-Nordstrom type, with 

signature (H ) in region III (Fig. 6). For p even, the 

diagram is that of Fig. 7. 

iv. For m — p — 1, A+ = 2/(n+l), the coordinate transformation 
x = 1/z < leads to the metric 

ds2 (-i) n+i cz dt2 (-ir+Hb 2 Zl (i - zf +i 

(l-z) n+l c(z- Zl ) 2 



z\dx 



2 



z(z - Zl] 



+ dQ 2 



(4.20) 



(zi = 1/xi). This can be continued across the horizon z = 
until the singularity z = 1. The spacetime is represented by 
the normal Reissner-Nordstrom diagram (Fig. 6) if n is odd, 
and by Fig. 8 if n is even, 
v. For m = n = p (A+ = 1, Einstein-Maxwell-anti-scalar case), 
the metric 



ds2 _ cx n ^ 2 46 2 xia; 1 - n (l - x n ) 2 
(1 — x n ) 2 c(x — Xi) 2 



X\dx 

+dQ 2 



x(x — X\) 2 

(4.2 

is form-invariant under the combined inversion x — ► z — 1/x, 
x\ — > Z\ = \jx\. The difference with the Einstein-Maxwell- 
scalar case is that now to x\ < 1 corresponds z\ > 1. The 
coordinate z increases from z = — oo (event horizon) through 
z = (second horizon) to the singularity z — \. As n is 
odd, the Penrose diagram is again of the normal Reissner- 
Nordstrom type (Fig. 6). 
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(b) m even. In this case, there is a coordinate singularity at x = — 1. 
Putting x = —1+z, we obtain for the geodesic equation near z = 
the form (14. lip . Therefore the analysis proceeds as in case 2 of 
Subsect. 4.1, except for the case A + = — 2/p which does not occur 
in the present case because m is even. It follows that x = — 1 is 
in all true singularity, which is null for —2 < A + < 0. 

2. For uq = (again with only the first solution fl 2 . 1 8 [) for J(u)), the only 
difference with the preceding analysis is that the metric (13.3 1 p is non- 
asymptotically flat (NAF) for x — *■ X\. The geodesic equation for the 
asymptotic metric (13.321) is: 

/ \2/a +7 - 2i 
e+(-) ~ 2 ■ (4.22) 




For A + < 0, the effective potential goes to zero for r — ► oo, which is 
at infinite geodesic distance. The conformal radial coordinate y, given 
asymptotically by dy ~ (r/r + )~ 2 / x+ dr also goes to infinity, so that the 
conformal metric is asymptotically Minkowskian. The extension across 
the horizon x = (r = r + ) proceeds as in the case u > and leads to 
the same Penrose diagrams, i.e. Fig. 1 for n odd and m odd or m even 
with A + < —2, Fig. 2 for n even and m odd or m even with A + < —2, 
Fig. 3 for n odd and m even with —2 < A + < 0, and Fig. 4 for n even 
and m even with — 2 < A + < 0. 

For < A+ < 1, equation (I4.22p leads asymptotically to s ~ r i- 1 A+ ) so 
that geodesies terminate at the conformally timelike singularity r — > oo. 
These solutions do not correspond to black holes. However, for A + = 1 
(m = n), asymptotically s ~ lnr, and geodesies are complete, but 
spatial infinity is still conformally timelike. The extension of the metric 
( I4.2ip with x% = 1 proceeds similarly to the case u > uq. For m = n 
odd, this metric is regular at x = — 1 and form-invariant under the 
combined inversion x — > 2 = 1/x, leading after extension through the 
two horizons x = and z = to a geodesically complete spacetime 
(Fig. 9). For m = n even, the spacetime has a single horizon x = 
and a conformally timelike singularity x = — 1 (Fig. 10). 

3. For uq < 0, we have seen that the event horizon at u = uq is regular (of 
order p) if A + = —2/p (for any m and n real). The properties of the 
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metric inside the event horizon (u < Uq) depend on the solution 02.181) 
for J(u). 



(a) First solution (I2.18p . The form of the metric (13.291) shows that 
x = (u — > — oo) is a horizon, which is regular if m and n are 
positive integers. Because A + = —2/p, these must satisfy Eq. 
(14.121) . So there are three possibilities: 

i. For m and n generics, u = — oo is a null singularity. The 
Penrose diagram is given by Fig. 3 for p odd, and Fig. 4 for 
p even. 

ii. For m = n = 1, geodesies terminate at the singularity x — > 
— oo. The Penrose diagram is given by Fig. 6 for p odd, and 
by Fig. 8 for p even. 

hi. For m = 2n+l,p — n— 1, the singularity is again at x — > — oo. 
The Penrose diagram is now given by Fig. 7 for p odd, and 
by Fig. 8 for p even. 

(b) Second solution (12.181) . The metric is (I3.34p with b = and <pi = 
±a (which follows from (12.221) ). leading to 

h(u) = e TaXu sinh a{u - u ) . (4.23) 

The associated geodesic equation is 

r 2 = E 2 — ch p [e — L 2 ch p /r 2 ] , (4.24) 

with r = — 1/u > 0. Near the singularity r = (u — » — oo), 
h(r) ~ e^ 1±A - )a//r '/2, so that the analysis follows closely that made 
in Subsect. 4.2. Taking into account A 2 > 1, there are two possi- 
bilities: 

i. If ±A > 1, h(r) diverges, leading to a space-like singularity if 
p is odd (Fig. 1), or a time-like singularity if p is even (Fig. 
2). 

ii. If ±A < —1, h(r) vanishes, signalling a horizon. However 
the effective potential in (14.241) diverges for r — > —0 (h(r) ~ 
e (i=FA)o/|ry2) ) so r = is actually a null singularity. The 
Penrose diagram is given by Fig. 3 if p is odd, and Fig. 4 if 
p is even. 
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(c) Third solution (gUgJ) . In fIBTMj) . e 2J = 6 2 / sin2&M - So the metric 
has apparent singularities at u = u Sk = /c7r/6 (/c integer). Putting 
u = u Sk + z, the metric near z = goes to the asymptotically flat 
form 

dS 2 = c'dt 2 - c-\z- A dz 2 + z~ 2 dQ 2 ) , (4.25) 

with c' = ch p {u s ). So, in a generic solution sector u Sk < u < u Sk+1 
which does not contain w , we have a geodesically complete, hori- 
zonless spacetime with two asymptotic regions — a Lorentzian 
wormhole [23] generalizing the A = Bronnikov wormhole of 
Einstein-Maxwell-anti-scalar theory [15] . In the solution sector 
which contains u , the spacetime is still geodesically complete 
with a horizon of order p. The corresponding Penrose diagrams 
are given in Fig. 11 for p odd, and Fig. 12 for p even. 



4.4 The a = solutions 

We have seen in Subsect. 3.4 that there are two regular black hole cases: 

1. For uq > 0, a = b = 0, the metric is given by (13.371) with A + = 2/ (p+1). 
This has a horizon of order (p+1) at r = (u — ► — oo), and a singularity 
at r = —1/uq. Therefore, for uq > the Penrose diagram is given by 
Fig. 1 if p is even, and Fig. 2 if p is odd. 

For uq = 0, (13.371) is replaced by the non-asymptotically flat metric 



j-J dt 2 - (f (dr 2 + r 2 dQ 2 ) . (4.26) 

The two-dimensional reduced metric is similar to that of the 'first-class' 
black holes of [IB] . Spacelike infinity r — ► oo is conformally timelike. 
For p even, geodesies cross the odd horizon r = and terminate at 
the conformally spacelike singularity r — > —oo (Fig 13). For p odd, 
r — » — r is an isometry of the metric (I4.26p . The Penrose diagram of 
these geodesically complete spacetimes is given in Fig. 14. 

2. For uq < 0, the metric is (13.341) with h(u) given by (13.391) . This has a 
horizon of order p at u = u Q and a coordinate singularity at u —>■ — oo. 
If b 2 > (if i 7^ 0), the metric written in terms of the coordinate x 
contains again a non-analytic logarithm, so that u — > — oo (x = 0) is a 
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true singularity. If b 2 = 0, the metric reduces to (I3.40p . which is clearly 
singular for u — > — oo (r = 0). In both cases, the Penrose diagram is 
given by Fig. 1 if p is odd, and Fig. 2 if p is even. 

4.5 The sin solution 

As seen in subsection (3.5), for this case the only possibility leading to black 
holes occurs for the first solution (I2.18P for J(u), and is of the form (I3.34|) 
with h{u) given by (13.421) . This can be rewritten as 

h(u) = e- Xviu sin a(u - u s ) , (4.27) 

for u s < u < 0, where u s = uq + kn/a, with —tt/cl < u s < 0. The asymp- 
totically Minkowskian (for u — > 0) spacetime therefore presents an infinite 
series of regular horizons u = u s , u = u s — tc /a, u = u s — 2ir/a, • ■ • , all of 
order p, separating successive regions J, II, III, ■ ■ ■ which are all different 
(because of the non-periodic functions e 2J ^ and e _A</31 "). This spacetime is 
geodesically complete. For p even, the successive regions all have the same 
light-cone orientation. The corresponding Penrose diagram is represented in 
Fig. 15. On the other hand, for p odd, the light-cone orientations alternate 
between successive regions, so that geodesies can wind around indefinitely. 
It is not possible to draw a flat Penrose diagram for this case. 
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Fi gUre li Penrose diagram for the cosh solution with n odd and m even (A+ < 0) or m odd (A+ < —2 
or A+ > 0); for the linear solution with n = m = 1 and q\ < 0; for the sinh solution with n odd and m 
odd (uq > 0, A+ < 0) or m even (no ^! 0>^+ < — 2 or Uq > 0,X+ > 0), or with 6 = («o < 0, A+ = 
— 2/p, ±A > 1) and p odd; and for the a = solution with 6 = (uq > 0, A+ = 2/(p + 1)) and p even or 
with 6 2 > (mq < 0, A-|- = —2/p) and p odd. The central singularity is represented by a double line. 



5 Conclusions 

We have determined in this paper the general static, spherically symmetric 
solutions for the four- dimensional EMD theory when the scalar field and/or 
the electromagnetic field are allowed to violate the null energy condition. The 



24 



Fi gUXe 2; Penrose diagram for the cosh solution with n even and m even (A4. < 0) or m odd (A+ < —2 
or A-|- > 0); for the sinh solution with n even and m odd (uq > 0, A+ < 0) or m even (uq > 0, A+ < —2 or 
uq > 0, A+ > 0), or with 6 = (uo < 0, A+ = —2/p, ±A > 1) and p even; and for the a = solution with 
b = («o > 0, A + = 2/(p + 1)) and p odd or with b 2 > (mq < 0, A + = —2/p) and p even. 




Fi gUXe 3i Penrose diagram for the cosh solution with n odd and m even (A_|_ > 0) or m odd (—2 < A+ < 
0); and for the sinh solution with n odd and m odd (uq > 0, A_|_ > 0) or m even (uq > 0, —2 < A+ < 0), 
or uo < and A + = -2/p with p odd (fe 2 > or b = and ±A < —1). 

general solution given by (12.171) contains nine classes of asymptotically flat 
phantom black holes: the "cosh" solution, the "linear" solution, the "sinh" 
solution with u > 0, the "sinh" solution with u < (three classes), the 
"a=0" solution with u > 0, the "a=0" solution with u Q < 0, and the "sin" 
solution. There are also two classes of non-asymptotically flat phantom black 
holes, corresponding to the sinh and the a=0 solutions with uq = 0. 

The event horizon of these black holes can be either non-degenerate or 
degenerate. Besides the previously known phantom black holes with a single 
event horizon 0, [20], which occur for generic values of the dilatonic coupling 
constant, we have obtained for certain discrete values of this coupling con- 
stant new phantom black holes with a single event horizon, as well as cold 
black holes, with a degenerate event horizon. A noteworthy consequence of 
the violation of the null energy condition is that, for the special case of a van- 
ishing dilaton coupling constant, there is an infinite sequence of black holes 
with multiple event horizons, of the cosh type in the Einstein-anti-Maxwell- 
anti-scalar case, and of the sinh type in the Einstein-Maxwell-anti-scalar 
case. 
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Figure 4: Penrose diagram for the cosh solution with n even and m even (A+ > 0) or m odd 
(—2 < A+ < 0); for the linear solution with n = m = 1 and q\ > 0; and for the sinh solution with n even 
and m odd («o > 0, A+ > 0) or m even («o > 0, — 2 < A+ < 0), or uq < and A+ = — 2/p with p even 
(b 2 > or b = and ±A < -1). 




Figure 5: Penrose diagram for the cosh solution with A+ = 1, m = n even 

We have paid special attention to the study of the causal structures of 
these phantom black holes. In total, we have found 16 different types of 
causal structures. Many cases lead to Penrose diagrams similar to those 
of the "classical" Schwarzschild, Reissner-Nordstrom, or extreme Reissner- 
Nordstrom black holes. However, there are new causal structures. Some 
of them differ from the preceding by the fact that the central spacelike or 
timelike singularity is replaced by a null singularity (Figs. 3, 4), or that null 
infinity is replaced by timelike infinity (Figs. 10, 13). A number of these 
spacetimes are geodesically complete with one degenerate horizon (Figs. 11, 
12, 14) or two equally degenerate horizons (Figs. 5, 9). We also found more 
complex structures. The maximal analytic extension of a black hole with an 
event horizon of even order and an inner horizon of odd order has a tower of 
spacelike singularities (Fig. 8). The opposite case of an odd event horizon 
and an even inner horizon cannot be represented by a two-dimensional con- 
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Figure 6: Penrose diagram for the cosh solution with m = n = 1 and A+ = — 2/p with p odd; and for 
the sinh solution with uq > and A_|_ = 2/(p + 1) (m = n = 1) with p odd or A+ = 2/{n + 1) (m = 1) 
with n odd or A_|_ = 1 with m = n odd, or with uq < (b 2 > 0, m = n = 1) and A+ = —2/p) with p odd. 



formal diagram, it is possible to represent only the global spacetime topology 
(Fig. 7). The most exotic, geodesically complete, spacetimes have an infinite 
sequence of equally degenerate horizons separating successive non-isometrical 
regions; this structure is represented in Fig. 15 for even horizons, the case of 
oddly-degenerate horizons does not admit a two-dimensional representation. 

There is a discussion in the literature whether phantom black holes could 
be formed by gravitational collapse of a phantom fluid [20, Elj- In any 
case, these phantom black holes could perhaps also be created by another 
mechanism, such as a tunneling quantum process. Of course, since for a 
phantom fluid all energy conditions are violated, the stability of the config- 
urations described above remains another important question. The present 
work should also be complemented by the construction of rotating phantom 
black holes, and the analysis of the solutions corresponding to wormholes, 
which we mentioned only briefly at the end of Subsect. 4.3. We hope to 
address these questions in the future. 
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Figure 7: Penrose diagram for the cosh solution with A+ = — 2/p and p even (m = n = 1 or 
m = 2n + l,p = n — 1); and for the sinh solution with no > 0, A+ = 2/(p + 1) and p even (m = n = 1), 
or with uq < 0, A+ = —2/p (m = 2n + l,p = n — 1 odd). 
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Figure 14: Penrose diagram for the a = solution (6 = 0, uq = 0, A+ = 



-2/(p + 1)) with p odd. 




Figure 15: Penrose diagram for the sin solution with A+ = —2/p, p even. 



32 



